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Abstract: 
In this work we will apply He's Variation iteration method (VIM) to investigate three 

physical models of nonlinear partial differential equations. These models describe the 

nonlinear diffusion equations in one dimension. Using this technique we obtain an 

exact on an approximate solution. The efficiency and the ability of the approach will 

be shown by applying the procedure on some examples. The computations associated 

with the examples in this paper were performed using Matlab 17. 
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1-Introduction: 

  Diffusion problems linear or nonlinear appear in scientific applications in engineer-

ing, physics and dynamicl models. Several methods are applied to find the solutions 

of these problems. One of these methods is the Variation iteration method (VIM). 

This method was first introduced by He in 1999 [1]. In this method the solution is 

considered using lagrange multiplier and starting with zeroth approximation as which 

successive approximations usually converge rapidly to an accurate approximation of 

the exact solution. Considerable research works have been conducted  recently in 

applying this method to a class of linear and nonlinear equations [2,4,5,6].  

 The nonlinear Diffusion equation is a partial differential equation of second order 

that can be written as  

𝜕
 
  ∑𝜕  (  (        ))   (        )

 

   

 

Where    (   ),    (𝜕    𝜕      𝜕   ),  (          ) and A,B are 

functions in x,t,u,  and nonlinear in u or   [7]. 

2-Examples of nonlinear diffusion equations: 
In this paper, three models of nonlinear diffusion equations have been studied: 

1- Burger's equation: 

                           

Where D is the diffusion coefficient;   
 

  
 , Re is the Reynoldsnumber[9] 

which describes the diffusion in one dimension[8]. 

 

2- Fisher's equation: 

          (   )               
a,v are constants[8]. 

3- Porous Medium equation [PME][8]: 
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𝜕

𝜕 
(  

𝜕 

𝜕 
)                

3-Description of the Variation iteration method: 

  In order to introduce a simple idea on the VIM, we consider the differential equa-

tion 

  (   )    (   )   (   )        ( ) 
Where L is a linear operator, N a nonlinear operator and  (   ) an inhomogeneous 

term.the variational iteration method was proposed by He, where a correction func-

tional for Eq. (1) can be written as  

    (   )    (   )  ∫ ( )*   (   )    ̃ (   )   (   )+

 

 

   

It is obvious that the successive approximations       , can be established by de-

termining   a general Lagrange multiplier, which can be identified optimally via the 

variational theory. The function  ̃  is a restricted variation, which means 𝛿 ̃   . 

Therefore, we first determine the Lagrange multiplier   that will be identified opti-

mally via integration by parts. The successive approximations     (   )     , of 

the solution  (   )will be readily obtained upon using the Lagrange multiplier ob-

tained and by using any selective function   . The initial values  (   )and   (   ) 
are usually used for selecting the zeroth approximation   . With   detemined, then 

several approximations   (   )     ,follow immediately[1,4,5]. Consequently, the 

exact solution may be obtained by using 

 (   )     
   

  (   ) 

4-Convergence of Variation iteration method: 

Here, we will study the convergence analysis as the same manner  of the variational 

iteration method to the nonlinear equations. Let us consider the Banach space X , 

with the setof applications,      , with 

∫   

 

     

and the associated  norm[4] :   ‖ ‖  ∫   
 

   

The VIM is convergent if the conditions of the following theorem are satisfied. 

Theorem 1: (Banach’s fixed-point theorem) 

Assume that X be a Banach space and      is a nonlinear mapping, and suppose 

that‖ , -  , ̅-‖   ‖   ̅‖for some constant   . Then A has a unique fixed 

point. 

According to the theorem 1, for the nonlinear mapping 

 , -   (   )  ∫  [ (  
  

  
 
  

  
 
   

   
 
   

   
 
   

    
)]

 

 
    

A sufficient condition for convergence of the variational iteration method is the 

strictlycontraction of A, such that for    ̅   we have ‖ ‖   and ‖ ̅‖   , for M 

> 0 [4]. 

 

 

5-Numerical examples: 

This section contains three examples of nonlinear diffusion equations in one dimen-

sion. 
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Example1: 

Consider the following nonlinear Burger's equation with the exact  solution [11] 

  (   )  
  

    
, 

             

The initial condition  

 (   )     

Solution: 

According to the VIM, we can construct the correction functional of equation as fol-

lows: 

    (   )    (   )  ∫ ( )*(  )  (  )     (  ) +

 

 

   

To find optimal value of  , we have 

 ( )  
 (   )   

(   ) 
 
 (   )   

(   ) 
    

Consequently, the following approximations are obtained using the above iteration 

formula started with the initial approximations 

  (   )     

  (   )    (    ) 

  (   )    (     (  )
  

 

 
  ) 

  (   )    (     (  )
  (  )  ) 

  (   )    (     (  )
  (  )  (  )  ) 

  (   )    (     (  )
  (  )  (  )  (  )  ) 

  
  (   )    (     (  )

  (  )  (  )  (  )   ) 
The solution in a closed form is found to be 

 (   )     
   

  (   )  
  

    
 

 

Figures (1),(2),(3),(4),(5) and Table(1) show  the results . 

 

 
 

Figure (1)                                                 Figure (2) 
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We will see the effectiveness and accuracy of the VIM method through the following 

numerical results: 

Table (1) shows the absolute error between the exact solution and numerical solution 

of example (1) 

 

                      
 

           
  

        

                                     
                          

                                    

                                     

                          
                                  

                      
 

            
  

        
                                        

                                        
                                        
                                     

                                        

                                       

 

 

 
 

Figure (3) :                         Figure (4):              
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Figure (5) :             

 

Example2: 

Consider the following nonlinear Fisher's equation , 

        (   )    
The initial condition  

 (   )    

Solution: 

According to the VIM, we can construct the correction functional of equation as fol-

lows: 

    (   )    (   )  ∫ ( )*(  )  (  )     (    )+

 

 

   

To find optimal value of  , we have 

 ( )  
 (   )   

(   ) 
 
 (   )   

(   ) 
    

Consequently, the following approximations are obtained using the above iteration 

formula started with the initial approximations 

  (   )    

  (   )     (   )  

  (   )     (   )  
  

  
 (        )  

  

 
  (   )  

  (   )     (   )  
  

  
 (        )  

  

  
(              )

 
  

 
(   )   (    )  

  

  
(   )   (          )

 
  

  
(   )   (    )  

  

  
(   )    

  
Doing some algebraic operations  leads us to exprees the solution in the following 

closed form: 

 (   )  
   

       
 

 

Figures (6),(7),(8),(9) and Table(2) show  the results . 
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Table (2) shows the absolute error between the exact solution and numerical solution 

of example (2) 

 

                      
 

           

      

  

                  

                    

                    

                    

                    

                    

                  
 

 

 
Figure (6) 

 

 

 

 
 

Figure (7):                        Figure (8):              
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Figure (9):                      

 

Example3: 

Consider the following nonlinear Porous Medium equation [PME] with the exact 

solution[3],[10]  (   )      , 

   
𝜕

𝜕 
(   ) 

The initial condition  

 (   )                

And boundary condition 
 (   )           (   )                

Solution: 

According to the VIM, we can construct the correction functional of equation as fol-

lows: 

    (   )    (   )  ∫ ( )*(  )    (  )   (  ) 
 +

 

 

   

To find optimal value of  , we have 

 ( )  
 (   )   

(   ) 
 
 (   )   

(   ) 
    

Consequently, the following approximations are obtained using the above iteration 

formula started with the initial approximations 

  (   )    

  (   )      
  (   )      
  (   )      
  
  (   )      
The solution in a closed form is readily found to be 

 (   )     
   

  (   )      

 

Figures (10),(11),(12),(13),(14) and Table(3) show the results . 
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Table (3) shows the absolute error between the exact solution and numerical solution 

of example (3) 

 

                      
 

           

  

            

              

              

              

              

          

            

                      
 

            
  

              
                
                
                
                
                
               

 

 

 

Figure (10)                                                  Figure (11) 
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Figure(12) :                            Figure (13) :             

 

 
Figure(14)                        

 

 

6-Conclusion: 

  It has already been proved that Variation iteration method is a very powerful advice 

for solving partial differential equations. We had used this method for solving non-

linear diffusion problems of different models. The efficiency of this method for solv-

ing these problems has been proved. This technique gives an accurate approximation 

of the exact solution where the obtained accuracy using this method in the studied 

examples  is around five to nine digitals. Using VIM for solving linear and non-linear 

equations is still a subject of research. 
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 لحل فئة من مسبئل الانتشبر غير الخطية  (VIM)طريقة التكرارات المتغبيرة 

2،د.فاطًت انخهايي صقىط 1*خهىد أحًذ أبىفهغت  

يصشاحت، نيبيا ، كهيت انعهىو، خايعت يصشاحت،نشياضياثقسى ا1  
يصشاحت، نيبيا كهيت انعهىو، خايعت يصشاحت،، نشياضياثقسى ا2  
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:الملخص  

. نذساست ثلاثت ًَارج فيضيائيت يٍ انًعادلاث  Heفي هزا انعًم حى حطبيق طشيقت انخكشاساث انًخغايشة ل 

. باسخخذاو هزِ انخقُيت حى  ، هزِ انًُارج حصف يعادلاث الاَخشاس غيش انخطيتانخفاضهيت اندضئيت غيش انخطيت

عهى حهىل حقشيبيت وفعهيت نهًسائم انخي حًج دساسخها . بعض الأيثهت انعذديت حى عشضها نُبيٍ فعانيت انحصىل 

انخكشاساث انًخغايشة أداة قىيت وفعانت وبسيطت نحم هزا انطشيقت ، انُخائح انًخحصم عهيها أظهشث أٌ طشيقت 

ًخحصم عهيها باسخخذاو هزِ انطشيقت حشاوحج يابيٍ خًست إنى حسعت أسقاو ، حيث انذقت انانُىع يٍ انًسائم

 .يعُىيت نلأيثهت انًذسوست

 

انًعادلاث انخفاضهيت  –يعادلاث الاَخشاس غيش انخطي  –طشيقت انخكشاساث انًخغايشة : الكلمبت المفتبحية

 اندضئيت.

 


